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Abstract
In this paper we study the interaction of a Dirac-Pauli particle with an electro-
magnetic plane wave, by using a previously given generalization of the pseudo-classical
Lagrangian for a spinning particle with an anomalous magnetic moment. We derive the
explicit expressions for the eigenfunctions and the Green’s functions of the theory. We
discuss the validity of the semi-classical approach by comparing the wavefunctions with
the (pseudo)-classical solutions of the Hamilton-Jacobi equation.
1 Introduction.
Starting with the papers [1, 3], the description of relativistic spinning particles and superpar-
ticles has found many other different formulations in past years [4]-[10]. The study of these
models was firstly originated by their close relation with the string theory, but it later became
clear that the problem was important in itself for a deeper understanding of the structure
of the quantum theory. These models have been later investigated and quantized also in the
presence of external fields both by means of canonical quantization and by the use of the
path- integral. More refined results have been achieved when the external fields were taken
as plane waves: in these cases it has been proved, either by path integral [7, 11, 12] and by
canonical theory [13, 14], that the complete quantum propagator coincides with the results of
the semi-classical approximation.
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The description of a spinning particle with anomalous magnetic moment has firstly been
given in [15] and later on, with different approaches, in [16, 17, 18]. All of these treatments lead
to the same first class Dirac constraints and therefore to the same quantum wave equation.
The purpose of this work is to study the quantization of a pseudo-classical spinning particle
which has both the normal magnetic moment and an anomalous magnetic moment in the field
of a plane electromagnetic wave, thus completing the research begun in [14] for the usual
spinning particle. As we shall show, the main difference with respect to the previous cases
is that now the semi-classical approximation is no longer exact except for some particular
cases: this is due to the interference of the anomalous magnetic moment with the electric
charge, which makes the presence of a T -ordered product in the propagator unavoidable at
the quantum level.
We begin in Section 2 with the description of the model for the spinning particle with
anomalous magnetic moment and we derive the two constraints of the theory and we study
the corresponding canonical quantization procedure. One of these constraints – the Dirac-
like one – is linear; the other – the Klein-Gordon-like – is quadratic. Obviously the latter
involves some ordering difficulties in the quantization procedure. However, since the Poisson
bracket of the linear constraint gives rise to the quadratic constraint, we will quantize the
system by following the Dirac procedure based on the correspondence principle. We recall
that this procedure is based on the postulate that the Poisson brackets for the the quantum
mechanical variables (which are operators in a Hilbert space) must satisfy the same algebraic
identities as the classical ones; it then follows that the Poisson brackets are proportional to
the (anti)-commutator. We will therefore assume this Dirac prescription for quantizing the
theory. It is interesting to notice that the expression we find for the quantized quadratic
constraint, following this procedure, is the same we would find by quantizing the theory
with the standard Weyl symmetrization of the quantum dynamical variables. This therefore
makes every definition well posed. In Section 3. we calculate the wavefunction for the Dirac-
Pauli particle and we derive the Green’s function of the theory. Finally, in Section 4, we
make a comparison with the semi-classical approximation that can be obtained by solving the
corresponding pseudo-classical Hamilton-Jacobi equation.
2 Pseudoclassical description and canonical quantiza-
tion.
As we said in the introduction, there are different approaches to the description of a pseudo-
classical spinning particle both in the standard case and in the case of a particle with anomalous
magnetic moment. Since all of them lead to the same constraints and therefore to the same
quantum wave equation, we start with the Lagrangian given in [15], namely
2
 L(xµ, x˙µ, ξµ, ξ˙µ, ξ5, ξ˙5) =
−
i
2
(ξ · ξ˙)−
i
2
ξ5ξ˙5 − q (x˙·A)−
[
m2 − i(q +
eµ
2
)Fµνξ
µξν −
e2µ2
16m2
FµνFρσ ξ
µξνξρξσ
]1/2
[(
x˙µ − i (m+
ieµ
4m
Fµν ξ
µξν)−1 ξµ (ξ˙5 −
eµ
2m
x˙ρ Fρσ ξ
σ)
)2 ]1/2
(1)
We use here the standard convention for the metric tensor and for the gamma matrices [19].
Here q means the charge of the particle and e the electronic charge respectively. After using
the second class constraints arising from the Lagrangian, the final form for the two first class
constraints becomes
χ
D
= ((p− qA)·ξ)−mξ5 + i
eµ
4m
Fµν ξ
µξνξ5 , (2)
χ = (p− qA)2 −m2 + i(q +
eµ
2
)Fµν ξ
µξν + i
eµ
m
(pµ − qAµ)Fµν ξ
νξ5+
e2µ2
16m2
FµνFρσ ξ
µξνξρξσ, (3)
The relevant Dirac brackets for the pseudo-classical variables are
{xµ, pν} = −ηµν {ξµ, ξν} = iηµν , {ξ5, ξ5} = −i, (4)
leading to the constraint’s algebra
{χ
D
, χ
D
} = iχ, {χ
D
, χ} = {χ, χ} = 0 (5)
Because the algebra of the pseudo-classical Poisson brackets is a graded Lie algebra it follows
that the quantum Poisson brackets must be proportional to an anticommutator for the Fermi-
Fermi case and to a commutator for the Bose-Bose and the mixed Bose-Fermi cases. The
graded quantum commutation rules for the canonical variables read therefore
[xµ, pν ] = −iηµν , {ξˆµ, ξˆν}+ = −η
µν , {ξˆ5, ξˆ5}+ = 1 (6)
In order to satisfy the anti-commutation relation for the ξˆ variables, we see that a possible
realization can be the following:
ξˆµ = 2−1/2 γ5γ
µ, ξˆ5 = 2
−1/2 γ5 (7)
The explicit form of the quantized Dirac linear constraint takes now the form
χˆ
D
= 2−1/2 γ5
(
(γ ·(p− qA))−
eµ
8m
σµνF
µν −m
)
≡ 2−1/2 γ5 OˆD (8)
where σµν is defined by σµν = (i/2)[γµ, γν ].
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As we said in the introduction, the quantization of the quadratic constraint involves some
ordering problems, since the constraint χ contains terms with product of the momenta and
functions of the coordinates. A correct way of solving this ambiguity is to define (following the
Dirac correspondence principle procedure) the quantum expression of this constraint according
to the quantized version of equation (5), so that
χˆ = −2χˆ2
D
= −
1
2
{γ5 OˆD , γ5 OˆD}+ (9)
and explicitly
χˆ = (p− qA)2 −
1
2
(q +
eµ
2
) σµνF
µν − i
eµ
8m
σµνγρ∂ρFµν −
eµ
2m
γµ∂νFµν+
i
eµ
2m
γµFµν(p
ν − qAν)− (
eµ
8m
)2σµνσρσF
µνF ρσ −m2 (10)
By now using the relation σµνγρ∂ρFµν = (i/2)[γ
µ, γν ] γρ∂ρFµν = 2iγ
µ∂νFµν , (we recall ∂
νF ∗µν =
0, where F ∗µν is the dual electromagnetic tensor) we will get for the final form of the quantized
quadratic constraint
χˆ = (p− qA)2 −
1
2
(q +
eµ
2
)F µνσµν −
eµ
4m
γµ∂νFµν+
i
eµ
2m
γµFµν(p
ν − qAν)− (
eµ
8m
)2F µνF ρσσµνσρσ −m
2 (11)
The commonly adopted approach for solving the previous ordering ambiguities is to use the
Weyl symmetrization prescription for the classical expressions, which in particular provides
the hermiticity of the corresponding quantum operators. Although in principle this procedure
does not guarantee that the relevant algebraic structures are maintained at the quantum level,
in the present case (as we said in the introduction) the Weyl symmetrization procedure would
lead to the following quantized version of the constraint:
χˆ
Weyl
= (p− qA)2 + i
eµ
2m
{pµ − qAµ, Fµν}+ξˆ
νξ5 + i(q +
eµ
2
)F µν ξˆµξˆν+
(
eµ
4m
)2F µνF ρσ ξˆµξˆν ξˆρξˆσ −m
2 (12)
By using the identity
1
2
{pµ − qAµ, Fµν}+ξˆ
νξ5 = −
1
4
{pµ − qAµ, Fµν}+γ
ν =
i
8
[(γ ·(p− qA)) , F µνσµν ]
=
i
4
γµ(∂νFµν) +
1
2
γµFµν(p
ν − qAν) (13)
it is easily seen that the expression (12) coincides with (11). Therefore we have shown that the
quadratic wave equation appears to be a mere consequence of the first order wave equation,
i.e. the Dirac-Pauli equation.
Finally the equation obtained by squaring the linear Dirac operator is therefore the fol-
lowing:
[
(p− qA)2 −
1
2
(q +
eµ
2
)F µνσµν −
eµ
4m
γµ∂νFµν+
4
i
eµ
2m
γµFµν (p
ν − qAν)− (
eµ
8m
)2 F µνF ρσσµνσρσ −m
2
]
ψ = 0 (14)
We now assume that the electromagnetic potential Aµ describes the field of an external
plane wave and has thus the following dependence upon the space-time variables
Aµ = aµf(φ) (15)
where φ = (k·x) with k2 = 0 and where we assume the Lorentz gauge, so that also (k·a) = 0.
From this potential we get the electromagnetic tensor (f ′(φ) = df(φ)/dφ)
F µν = fµνf ′(φ) , fµν = kµaν − kνaµ (16)
and the final expression for the wave equation to be solved reads[
∂2 + 2iq(A·∂)− q2A2 + i(q +
eµ
2
)(γ ·k)(γ ·A′)
− i
eµ
2m
(
i(γ ·k)(A′ ·∂)− q(γ ·k)(A′·A)− i(γ ·A′)(k ·∂)
)
+m2
]
ψ(x) = 0 (17)
3 The wave function and the Green’s function
Recalling the standard derivation of the Volkov solutions for the usual Dirac and Klein-Gordon
equations [13, 20], we make for the wave function the ansatz
ψ(x) =
1
(2p0V )1/2
exp
{
−i(p·x)−
i
2(k ·p)
(k·x)∫
−∞
dφ
[
2q(A·p)− q2A2
]}
M((k ·x))u(p, s) (18)
where M((k ·x)) is a 4× 4 unknown Dirac matrix and where the initial condition
ψ(x) −→
x0→−∞
(2p0V )
−1/2 exp
[
−i(p·x)
]
u(p, s) (19)
is assumed. In equation (19) u(p, s) is a constant spinor which is is a solution of the correspond-
ing free Dirac equation. Moreover, since the redefinition of pµ as pµ+αkµ leaves invariant the
equation (18) due to the fact that M((k ·x)) is a unknown function to be determined, we can
impose on the constant vector pµ the mass-shell relation p2 = m2. The differential equation
satisfied by M is therefore
dM
dφ
=
1
2(k ·p)
[
(q +
eµ
2
)(γ ·k)(γ ·A′)
−
eµ
2m
(
(A′ ·p)(γ ·k)− q(A′ ·A)(γ ·k)− (k ·p)(γ ·A′)
)]
M(φ) (20)
and the formal solution of the previous equation is
M((k ·x)) = T
{
exp
[ 1
2(k ·p)
(k·x)∫
−∞
dφ
(
(q +
eµ
2
)(γ ·k)(γ ·A′)−
5
eµ
2m
(
(A′ ·p)(γ ·k)− q (A′ ·A)(γ ·k)− (k ·p)(γ ·A′)
)) ]}
(21)
with the asymptotic condition M(−∞) = 1 . The final expression for the wave equation reads
ψ(x) =
1
(2p0V )1/2
exp
[
−i(p·x)−
i
2(k ·p)
k·x∫
−∞
dφ
(
2q (A·p)− q2A2
)]
T
{
exp
[ 1
2(k ·p)
(k·x)∫
−∞
dφ
(
(q +
eµ
2
)(γ ·k)(γ ·A′)−
eµ
2m
((A′ ·p)(γ ·k)−
q (A′ ·A)(γ ·k)− (k ·p)(γ ·A′))
) ]}
u(p, s) (22)
The expression (22) for ψ(x) is obviously a formal one. However there are at least two
special cases in which from (22) we can get a closed form for this solution. The first of these
cases occurs when q 6= 0 and µ = 0, that is the special case of no anomalous magnetic moment
but a charged particle. This choice leads immediately to the Volkov solution
ψ(x) =
1
(2p0V )1/2
exp
{
−i(p·x)−
i
2(k ·p)
(k·x)∫
−∞
dφ
(
2q (A·p)− q2A2 +
q
2
F µνσµν
)}
u(p, s) (23)
The second case, with q = 0 and µ 6= 0, i.e. the special case of pure anomalous magnetic
moment and no charge, gives a new result in a closed form. Indeed we obtain
ψ(x) =
1
(2p0V )1/2
exp
{
−i(p·x) +
eµ
4(k ·p)
(k·x)∫
−∞
dφ
[
(γ ·k)(γ ·A′)−
1
m
(
(A′ ·p)(γ ·k)− (k ·p)(γ ·A′)
)]}
u(p, s) (24)
It can be realized that the presence of the time ordering is due to the joint action of the terms
involving the anomalous magnetic moment µ and the electric charge q. When only one of
these components is effective, the time ordering can be calculated and an expression in closed
form is obtained.
Similar procedures to the ones we have used for calculating the wavefunction, can be used
also for the computation of the Green’s function S
F
(x, y) that satisfies
Oˆ
D
S
F
(x, y) = δ4(x− y) (25)
where Oˆ
D
is given in (8). As usual, instead of solving directly the first-order Dirac equation
(25), it is easier to consider the corresponding second order equation
χˆ∆
F
(x, y) = δ4(x− y) (26)
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where ∆
F
(x, y) is defined by (see eq.(9))
γ5SF (x, y)γ5 = −OˆD∆F (x, y) (27)
The general second-order wave equation for the Green’s function is therefore
[
∂2 + 2iq (A·∂)− q2A2 +
1
2
(q +
eµ
2
)F µνσµν +
eµ
4m
γµ∂νFµν−
iµe
2m
γµFµν(i∂
ν − qAν) +
( eµ
8m
)2
F µνF ρτσµνσρτ +m
2
]
∆
F
(x, y) = −δ4(x− y) (28)
and, by choosing Aµ as in (15) we obtain,
[
∂2 + 2iq (A·∂)− q2A2 + i(q +
eµ
2
)(γ ·k)(γ ·A′)−
i
eµ
2m
(
i(γ ·k)(A′ ·∂)− i(γ ·A′)(k ·∂)− q(γ ·k)(A′ ·A)
)
+m2
]
∆
F
(x, y) = −δ4(x− y) (29)
To solve (29) we assume as ansatz
∆
F
(x, y) =
∫
d4p
(2pi)4
exp{−i(p·(x− y))}
p2 −m2
exp{−iF
1
(φx, φy)}N(φx, φy) (30)
where φx = (k ·x), φy = (k ·y) and
F
1
(φx, φy) =
1
2(k ·p)
(k·x)∫
(k·y)
dφ
(
2q (A·p)− q2A2
)
(31)
By inserting the ansatz (30) into (29) we obtain the following equation for N(φx, φy):
∫
d4p
(2pi)4
exp{−i(p·(x− y))}
[
1− exp{−iF
1
(φx, φy)}N(φx, φy)
]
=
∫
d4p
(2pi)4
exp{−i(p·(x− y))− iF
1
(φx, φy)}
(−2i(k ·p)
p2 −m2
)[ dN
dφx
−
1
2(k ·p)
(
(q +
eµ
2
)(γ ·k)(γ ·A′)−
eµ
2m
(
(γ ·k)(A′ ·p)− q(γ ·k)(A′ ·A)− (γ ·A′)(k ·p)
))
N(φx, φy)
]
(32)
We can now observe that the expression in the square bracket in the right hand side of
equation (32) coincides with (20), up to the obvious substitutions. The right hand side of (32)
is therefore vanishing by assuming for N(φx, φy) the form
N(φx, φy) = T
{
exp
[ 1
2(k ·p)
φx∫
φy
(q +
eµ
2
)(γ ·k)(γ ·A′)−
eµ
2m
(
(γ ·k)(A′ ·p)− q(γ ·k)(A′ ·A)− (γ ·A′)(k ·p)
)]}
(33)
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We have therefore to verify that the left hand side of (32) is also vanishing. We first separate
in the left hand side of (32) the component of pµ in the direction of kµ, p
µ = p ′ µ+α kµ where
p′µ spans a three-dimensional surface, [20]. Since the function F
1
(φx, φy) is independent of α
we can integrate over α, getting
∫
dα
2pi
exp
[
−iα(φx − φy)
](
1− exp
[
−iF
1
(φx, φy)
] )
=
δ(φx − φy)
(
1− exp
[
−iF
1
(φx, φy)
] )
. (34)
Due to (31), the previous expression is clearly vanishing and thus the left hand side of (32) is
vanishing too. The Green’s function ∆
F
(x, y) has therefore the final form
∆
F
(x, y) =
∫
d4p
(2pi)4
1
p2 −m2
exp
[
−i(p·(x− y))−
i
2(k ·p)
(k·x)∫
(k·y)
dφ
(
2q (A·p)− q2A2
)]
T
{
exp
[ 1
2(k ·p)
(k·x)∫
(k·y)
dφ (q +
eµ
2
)(γ ·k)(γ ·A′)−
eµ
2m
(
(γ ·k)(A′ ·p)− q(γ ·k)(A′ ·A)− (γ ·A′)(k ·p)
)]}
(35)
and S
F
(x, y) can be immediately obtained by (27). The discussion we have done on the special
cases q 6= 0 , µ = 0 and q = 0 , µ 6= 0 when solving for the wavefunction ψ(x), holds for the
Green’s function too.
4 The Hamilton-Jacobi equation
In this section we want to comment on some aspects of the pseudo-classical nature of the
solutions we have determined. The discussion involves in a natural way the properties of
the Hamilton-Jacobi equation and the corresponding characteristic functions. We recall that,
according to Dirac, the extended Hamiltonian is written as a linear combination of the first-
class constraints χ and χ
D
with arbitrary coefficients, namely
H = α
D
χ
D
+ α
1
χ (36)
where α and α
1
are arbitrary Lagrangian multipliers. In particular, the choice α
D
= 0 and
α
1
6= 0 yields
H = α
1
[
(p− qA)2 +
ieµ
m
(pµ − qAµ)F
µνξνξ5 −m
2 + i(q +
eµ
2
)F µνξµξν+
µ2e2
16m2
F µνF ρσξµξνξρξσ
]
(37)
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and the corresponding covariant Hamilton-Jacobi equation turns out to be
( ∂S
∂xµ
+ qAµ
)2
−
iµe
m
( ∂S
∂xµ
+ qAµ
)
(kµaν − kνaµ) ξνξ5 f
′ −m2+
2i(q +
eµ
2
)(k ·ξ)(a·ξ) f ′ = 0 (38)
The structure of the Dirac extended Hamiltonian suggests, for the pseudo-classical char-
acteristic function, the factorized form
S = −(p·x)−
1
2(k ·p)
(k·x)∫
−∞
dφ
(
2q (A·p)− q2A2
)
+ S
D
((k ·x)) (39)
as a function of the coordinates xµ and of the initial momentum pµ and pµ satisfies the mass-
shell condition p2 = m2. We therefore obtain for the unknown term S
D
((k ·x)) the following
first-order differential equation
dS
D
dφ
+
iµe
2m(k ·p)
[
−(k ·p)(A′ ·ξ)ξ5 + (A
′ ·p)(k ·ξ)ξ5 − q(A
′ ·A)(k ·ξ)ξ5
]
−
i
(k ·p)
(q +
eµ
2
)(k ·ξ)(A′·ξ) = 0 (40)
The complete solution for the characteristic function of the Hamilton-Jacobi equation is then
S = −(p·x)−
1
2(k ·p)
(k·x)∫
−∞
dφ
(
2q (A·p)− q2A2
)
+
i
(k ·p)
(k·x)∫
−∞
dφ
[
(q +
eµ
2
)(k ·ξ)(A′·ξ)−
eµ
2m
(
−(k ·p)(A′ ·ξ)ξ5 + (A
′ ·p)(k ·ξ)ξ5 − q(A
′ ·A)(k ·ξ)ξ5
)]
(41)
Taking into account the realization (7) for the quantized Grassmann variables we finally obtain
for the action of exp(iSˆ) on the constant spinor u(p, s)
exp(iSˆ)
(2p0V )1/2
u(p, s) =
1
(2p0V )1/2
exp
[
−i(p·x)−
i
2(k ·p)
(k·x)∫
−∞
dφ
(
2q (A·p)− q2A2
)]
exp
[( 1
2(k ·p)
(k·x)∫
−∞
dφ
[
(q +
eµ
2
)(γ ·k)(γ ·A′)−
eµ
2m
(
−(k ·p)(γ ·A′) + (A′ ·p)(γ ·k)− q(A′ ·A)(γ ·k)
)]
u(p, s) (42)
where Sˆ is the quantized version of S.
Contrary to the results previously known in literature for the scalar and Dirac particles
[11, 13, 14], we can see that the semi-classical results are not now coincident with the general
quantum solutions, but for the two particular cases we have previously discussed.
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